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SURFACES WITH ISOTHERMAL REPRESENTATION OF THEIR 
LINES OF CURVATURE AND THEIR TRANSFORMATIONS.* 

(SECOND MEMOIR) 

BY 

LUTHER PFAHLER EISENHART 

Introduction. 

In a former memoir with the same title f we established a transformation of 
surfaces with isothermal spherical representation of their lines of curvature into 
surfaces of the same kind, the transformation being such that lines of curvature 
on a surface and on a transform correspond, and the two surfaces constitute the 
envelope of a two-parameter family of spheres. This transformation was estab- 
lished by means of a theorem of Moutard, concerning partial differential equa- 
tions of the Laplace type with equal invariants, % and with the aid of a trans- 
formation of minimal surfaces discovered by Thybaut. § In our discussion we 
did not take the equations of the transformation in the form given by Thybaut, 
but in the form used by BiANCHi,|[ in which case the parametric curves on the 
minimal surfaces are the asymptotic lines. Such a minimal surface and its 
Thybaut transform are the focal sheets of a Incongruence, that is, a congruence 
upon whose focal sheets the asymptotic lines correspond. 

The present paper deals with the same transformations obtained by a very 
different method as a result of which the analysis is much simpler. In § 1 it is 
shown that when the lines of a Incongruence are subjected to the Lie line-sphere 
transformation, the congruence of spheres envelope two surfaces upon which the 
lines of curvature correspond. If S and S l denote these two surfaces, and 2 
and 2j the two focal sheets of the original Incongruence, the transformation 
from 2 to 2 t carries with it a transformation from JS to #, without quadrature. 
In § 1 is determined the characteristic property which 2 must have in order that 
the lines of curvature on S may have isothermal spherical representation, and the 
equations of the surfaces are given in simple form. In § 2 the determination of 

* Presented to the Society, February 26, 1910. 

tTransaetions of the American Mathematical Society, vol. 9 (1908), pp. 149-177. 
JBlANCHI, Lezioni, vol. 2, p. 69. 

ISur la deformation du paraboloide, etc.; Annalesde l'EcoleNormale(3), vol. 14 (1897), 
pp. 65-69. 

|| Lezioni, vol. 2, pp. 334-338. 
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surfaces 2 : and S x of the same kind as 2 and S respectively and standing in 
the above mentioned relation to them is carried through, and the problem is 
shown to be reducible to the integration of an ordinary differential equation of 
the first order and to quadratures. 

When S is a minimal surface (cf. § 3), the transformation is that of Thybaut 
and the equations take the very form which occurs in his memoir.* 

In § 4 it is shown that the transformation of § 2 is identical with that estab- 
lished in the first memoir, and in § 5 we prove the existence of a " theorem of 
permutability " which shows that the knowledge of two transforms S x and S 2 of 
S carries with it the determination of a surface S' of the same kind, which is a 
transform of both S x and S 2 ; and, moreover, S' may be obtained without 
quadrature. 

§ 1. A Surface 2 and its Lie transform S. 

The coordinates, f , n, £, of a surface 2, referred to its asymptotic lines, 
may be given by the Lelieuvre formulas f 



(1) 



du 



dv^dv^ 
du du 



d% 


V 2 V 3 


dv ~ 


dv 2 dv 3 




dv dv 



and similar equations for tj and £, obtained by permuting the quantities v x , p 2 , 
v 3 , which are solutions of an equation of the form 



(2) 



d 2 6 
dudv 



= M6, 



where in general M is a function of u and v . Moreover, v x , v 2 and v 3 are pro- 
portional to the direction-cosines of the normal to 2. 

If x, y, z denote the coordinates and X, Y, Z the direction-cosines of the 
normal to the surface S which is obtained from 2 by the line-sphere transfor- 
mation of Lie, these quantities are given by J 



x+iy= — f — f 



" 2 +" 3 £ ' 



(3) 



x—iy = 






X+iF= 



X-iY= 



Z = 



2»J 

V 2+ V iV 
V J~ V 2 



From these equations we determine the following values for the fundamental 



*L. o. 

fElSENHABT, Differential Geometry, p. 193. 
JDakboux, Lecons, vol. 1, p. 249. 
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quantities of S: 



E=~ TTT^-^Ev ~. ^=°» 



W 



Q = 



(vz + ^r 



(5) 



d% 8v * dv + v dv 

JLJ ^= — M 



d * (", + ".£)' 



m . . . -*m 



<6) '-fi^iy y -°- »-<*+*«•• 

where 6, &, § are the coefficients of the linear element of the spherical repre- 
sentation of S. From these results we have incidentally the well-known fact 
that the lines of curvature on S are parametric. 

However, we are concerned entirely with surfaces whose lines of curvature 
admit an isothermal spherical representation. From (6) it is seen that a neces- 
sary and sufficient condition for this is that * 

dP dP 
or by means of (1), 

It has been assumed that the parameters are isometric, which assumption does 
not affect the generality of our solution. 
If we put 

(9) u + iv = a, u — iv = /3, 

equation (8) gives the result 

(10) v t = v t A, 

where A denotes an arbitrary function of a . Since v 2 and v 3 satisfy (2), which 
*The case where (7) is replaced by df/5u -j- i ■ dt-jdv — leads to similar results. 
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by the transformation 


(9) 


becomes 








(11) 






8 2 

w 


= — 


iM0, 


we must have 
















oa 


^" 


= 0, 



where the accents indicate differentiation with respect to the argument. From 
this equation we find 

VB 

where B denotes an arbitrary function of /S, and where the accent denotes dif- 
ferentiation with respect to /3. In consequence of (10), we have 

VB VB 



(12) 



= 0", 



VB ' A 



1 VA' 2 VA'' 3 VA' 

where in general cr is a function of a and /S , being a solution of 

8 
dfj\ 



(13) 



VB Sa~\_ o [" B_ da~\ 
\A^M\~&>\A! ~da}' 



which is obtained by expressing the fact that the functions (12) are solutions of 
equation (11). 

§ 2. The Determination of'2 l and of S 1 . 

If Q x is a particular solution of equation (11), the functions p., defined by* 



(14) 



da 



(*!*«) = 



0, 


V. 
1 


B6 l 

d/3 





5/8 



{^v i ) = - 



*1 


v { 


ee, 


dp. 


da 


da 



determine a surface 2 t , upon which the curves u = const., v = const., where u 
and v are given by (9), are the asymptotic lines ; and 2 and 2 t are the focal 
surfaces of a IF-congruence, formed by the lines joining corresponding points. 
Moreover, the coordinates, £ x , w l , f t , of 2 X are given by 

(15) ^ - I = v 2 v 3 - v s v 2 , Vi~V = "s^i - "iV ■ ?i - 5"= "i ? 2 - Vi ■ 

In order that 2 X may be a surface of the same kind as 2 of § 1 , we must have 



(16) 



_ VB[ _ VB\ _ VB\ A 



where A, and B x are functions of a and /3 alone to be determined and where, in 
general, cr 1 is a function of both a and /3. 

* Eisenhaet, Differential Geometry, pp. 417-419. 



1910] AND THEIR TRANSFORMATIONS 479 

When the values for v 2 and z/ 3 are substituted in (14), we obtain four equa- 
tions which are equivalent to 



i de^{VA[)' ^ A[ 



(17) 



and 



(18) 



0, da ' ,/W ^ A -AS 



VA[ 



1 d8 1 (VB) ' VB\ VA'A[ 
J 1 ^ =VA \VA') + A-A l ' 

I d A _ _ tyMl ^K va^a t x 

6 x ~d&~~ ySjBl + y / W 1 A-A 1 - 



The necessary and sufficient condition that these two values of dd 1 jda be 
equal is readily found to be 



(19) VA'A\ = K y (A-A r ), 

where k x denotes a constant. 

In like manner the condition that the two values of ddjdfi be equivalent is 
reducible to 

(20) VWW^k^B-BS. 

In consequence of these results, equations (17) and (18) may be written 
1 dd l (l/A[)' VA^ X 1 d0 l (lAB 7 )' i/2?; 



«, —y=i , -7T ^~7V = ^~— + K, 



and 

w e x da-~ V ai + Vl;' e.dfi-- v w x + WX 

When the expression (16) for v l is substituted in (14), the resulting equations 
are reducible by means of (21) and (22) to 

V A' da V B' da 

(23) _ 

VB\ da, , s VA\ da n 

,/#' 5/3 T ^ i '^ VA' da 

As these equations are linear, the determination of a x requires quadratures only. 
Hence the problem of the determination of the surfaces 2 X , when 2 is given in 
terms of its asymptotic lines, requires the solution of the ordinary differential 
equation (19) and quadratures. 
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When these funtions cr l ,% l - l w x , ^ have been obtained from (23) and (15), we 
find the coordinates of a surface S l by means of equations analogous to (3). If 
x x , y l , z l denote the coordinates of S k and X x , Y x , Z x denote the direction 
cosines of the normal to S l , we find that 

x, + iy x -(x + iy)=R[X 1 + iY, - (X+ iY)], 

(24) x x - iy x -{x-iy) = R [X, - il\ - (X- iY)], 

z 1 -z=B(Z 1 - Z), 
where 

(25) Ji = i (Aa l -A 1 ,)^(A -A 1 ) v + , 1 -^ 

Jx, — Jx 

Hence S and S t are the envelope of a two-parameter family of spheres whose 
radii are defined by (25). The coordinates, cc , y , z a , of the centers of these 
spheres are given by 

x +iy = x + iy-H(X + ^) = ^2-A ~ r ' 

(26) x <t -iy, = x-iy-B{X-iT)~ A ^^\ 

- ,, , -r^„. A, a — iff, ^ a, — (7 

2z = 2( Z -£Z) = 1 Ai _ A 1 l + V + -^ Z7 ^. 

We shall refer to the above relation between S and S 1 as a transformation 
T thus indicating the constant «j which appears in the formulas. 

§3. Transformation of Minimal Surfaces. 

Minimal surfaces are the only surfaces of negative curvature for which the 
following conditions are satisfied simultaneously 

E=G, & = §, F=0, ^=0. 

In consequence of (4) and (6), these conditions are equivalent to the following 
upon 2: 

If we replace the first of these equations by (7), we must replace the second by 

di; df) dP n 

( 27 ) w-^ +v 4 =0 > 

if the functions D and D", given by (5), are to differ in sign. 
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If this equation be differentiated with respect to a and the result equated to the 
value of drjjda obtainable from (1) and (12), the resulting equation is reducible 
by means of (13) to 

_d_ (B , d<r\ B'A 

80 g \A r WJ~TTAB' 
From this we get, by integration, 

yg|-/( a )U+^&). 

where the function f remains to be determined. Hence, integrating again with 
respect to /3, we find 

(29) ff = A > f p-+AE d i3 + f M ). 

When this value is substituted in (13), we obtain 

Differentiating with respect to /3, we have 

Hence the two terms of this equation must be zero, from which we get 

(31) A'f= c, 

where c denotes a constant. When this value of f is substituted in (30), 
we obtain 

(32) fi = c ^Aj -jr -J -^r-j+c^ + c,, 

where c x and c 2 denote constants. 

From (13) it is seen that if a is a solution of this equation, so also is 
cr + c l A + c 2 where c, and c 2 are arbitrary constants. Hence for the present 
we shall put c : = c 2 = and furthermore assume c = 1. We shall see presently 
that this choice of the constants does not restrict the generality of our solution. 
When these values are substituted in (29), we obtain 

,„„, Cl + AB^ A C Ada rA 2 da 

(33) ^j—^dP + AJ^-j-^r- 
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When this value and (12) are substituted in (1), we find 
Z=B, 

rAda n rA 2 da _ fd/3 C Bd/3 

?= -J A'- B J -A^- B J -TT + ) ~ir- 

It is readily found that these values satisfy equations (27) and (28). 
From (3) we obtain by means of (12) and (34) 

<U) ,.^(fLt*±-fl+» V ), 



and 

(36) 



^■~\ + AB' x -\+AB' *~\ + AB- 



From (35) we find that the linear element of S is 

(1 4- A RY 

(37) ds 2 = y ^ E ! dad/3, 

and from (36) that the linear element of the spherical representation is 

(38) ds' 2 = jj AB 2 da d&. 

The minimal surface 8 adjoint to S is given by equations of the form 



Hence 



dx ,dx dx .dx 

^a~ = l ^a~ , d$ = ~ l W 



(39) y^f^da+f^dp), 

. rAda . rBd@ 

* Since the equations of any minimal surface can be given this form, the particular choice of 
the constants in equation (32) did not limit the generality of the discussion. 



1910] AND THEIR TRANSFORMATIONS 483 

If we substitute the value (33) for tr and also 

in equations (23), we find that these equations are identically satisfied in eon- 
sequence of the relations (1-9) and (20). Hence the minimal surface S, defined 
by (35), and the minimal surface S r , defined by equations of the same form as 
(35) but with A and B replaced by A t and B x respectively, constitute the 
envelope of a two-parameter family of spheres. 

From (25) we find that the radius of the sphere is 

(l+AB)(l + A l B 1 ) 



(41) 22 = 



2\/A'B'.v / A' l B' 1 



The coordinates of the center of the sphere are readily found by means of (26). 
If S x denotes the adjoint of S, it is defined by equations analogous to (39). 
From these equations we find that 

_ _ i f AA l -l BB X - 1 \ 
X ~ X > - %e\ \~AT- ~A[ ~ B-B[ ) ' 

1 (AA.+1 BB. + \\ 

-_-_ * ( A + A 1 B + B 1 \ 
Z * 1 ~2k\\A-A 1 B-BJ' 

If X x , Y x , Z v denote the direction-cosines of the parallel normals to S x and #, , 
they are given by equations similar to (36). From these values and (42) we find 

1X(x-x 1 ) = 0, 2X 1 (x-x 1 ) = 0. 

Hence, S and S x are the focal sheets of the congruence formed by the joins of 
corresponding points. Moreover, the curves 

a + /3 = const., a — /3 = const. 

on S and S x are the asymptotic lines. Hence this congruence is a IP-congruence, 
and the transformation from £ to S x is the transformation discovered by Thybaut.* 

§ 4. Identification of the Transformation of § 2 with a Former 
Transformation. 

In this section we shall show that the transformation of § 2 is identical with 
one formerly established in a different manner.f 

*Cf. Introduction. 

t Surfaces with isothermal representation, etc., these Transactions, vol. 9 (1908), pp. 149-177. 
A reference to an equation (a) on page 6 of this memoir will be indicated by [(o) p. 6]. 
Trans. Am. Math. Soc. 33 
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Comparing (38) with [(2) p. 151], we have 

* _ (1+A*2 

~ 4A'B' • 

When an equation for S l analogous to (38) is compared with [(27) p. 156], we 

find that 

(43) *| = ( 1 + AB Y( 1 + A A) 2 



16^1'^; B'B[ 



This identification is permissible in view of the results of § 3 and § 1 of the 
present and former memoirs respectively. 

If we compare (37) with [(1), p. 151], we see that the coordinates of the 
minimal surface in § 3 are twice as large as in the former memoir. Moreover, 
the radius of the sphere, as given by [(30'), p. 157], is <£/w, and consequently 
one half of R as given by (41) and (43). Furthermore, in § 5 of the former 
memoir it was shown that the case of minimal surfaces in § 1 of that memoir is 
a particular case of the general transformation of § 4 of the same memoir- 
Hence, in order to identify the two transformations, it is necessary and sufficient 
to show that i? as given by (25) is equivalent to [cf. (48), p. 161] 

2T „,. YdWdd) 8W8d>\ 1 

(44) B--[n*w l + (^j£- 1 ^ 1 g)-W{ m 4>- u )\, 

where m is a constant and W, W x measure the distances from the origin to the 
tangent planes of a surface 8 and its transform 8 X . 
From (3) and similar equations for S 1 we have 

W __ v + M w __ 1 h±JA. 
" 1+AB' w ^~ 1+A^ 

By means of (1), (9) and (12) we find 

8 W _ A' (By -J) dW_ AB'( V + AS) aB' 



da ~ (1 + AB) 2 ' d/3 ~ (1 + ABf ^ 1 + AB 

From [(25), p. 156] and [(6), p. 151], we get (using the notation of the 
present memoir), 

Z -^! da ~ m<f> d/3 ' * 5/8 ~ m<f> 8a ' 

which by means of (36) gives 

8<f>_ m<f>[A(A 1 B 1 -l) + A 1 ~A 2 B l ] 
da~~ 22/(1 + A^) ' 

8$ _ m<f> [B(A l B l -1) + B l - A X B 2 ] 
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When these values are substituted in (44), we get (25), provided that 



m = kJ . 



Hence the two transformations are identical. 

§5. TJieorem of Permutability. 

In this section we establish the following theorem of permutability : 

If a surface S with isothermal representation of its lines of curvature be 
transformed into two surfaces S x and 8 2 of the same kind by transformations 
T and T K0 respectively, there exists a surface S' which is the transform of 8 X 
and of 8 2 by transformations T' Kn and T' respectively ; and this surface 8' 
can be obtained without quadratures.* 

In order that there may be such a transform 8 , there must exist functions 
A m and ,Z? (1) satisfying the following equations analogous to (19) and (20), 



VA\ A®' = k'AA.- AV>), Vb\ B»' = k'AB. - B«n, 

(45) 

V A \A^' = K 'A\A t - A*>), V& x Wi = k' 2 {B 2 - B»), 

where for the present the constants k[ and k 2 are undetermined. Also there 
must exist a function a satisfying equations analogous to (23), which by means 
of the latter can be given the form 

Ya<» da Yb» L ya ' sa\ 

(46) _ 

YB^'da' , , N YA (lY V . x YB' dal n 

_-^+« l(ff _ < r 1 )+_ ;3r |_« 1 ( <r _ ffl )- 1 ^g j 8j-0, 

and similar equations obtained by changing the subscripts 1 into 2. 
Eliminating da /da and da'/dfi from these four equations, we obtain 

(47) _ __ _ _ 

( *; <\U; - *; -\U; ) * - ( *; v.a; <r x - *; aU; o- 2 ) 

. ^ r— r— 



* Cf. former memoir, 1. c, p. 166. 
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By means of (19) and (20) equations (45) are reducible to 

(48) VI^7 = << VZ'^3^4£, 

and the same equation in the J5's. When these values are substituted in (47), 
it is found that the two equations are consistent if and only if 

(49) k[=±k 1 , k' 2 = ±k 2 

or 

(50) «; = ±k 2 , K 2 =±K lt 

where the same sign must be used in every case. 
When the values (49) are used we get 

VI^= T VZ\ a' = <r, 

so that the case (49) is to be excluded. 

For the values (50) equation (48) is reducible to 

(n\ Am - <M a -A)- k IA{A-a 2 ) 

K } ~ / cf{A-A 1 )- l cl(A-A 2 ) ' 

and the two expressions (47) may be given the form 

_ * ;(2?-2?i)-«J(l?-2?,) A x - A 2 
- k \{A-A x )-k\{A-A 2 )B,-B 2 ° 
(52) 

K \-kI ^{A-A^B-B^-^A-A^B-B,) 



+ 



B x -B 2 K \{A-A X )- K \(A-A 2 ) 



Hence the theorem is established if these values satisfy (46), as they can be 

shown to do. 

Princeton, 

March 30, 1910. 



